Recently For brevity we consider only the case where T is a smooth arc with endpoints z\ and z2. All the results remain valid in the case of T consisting of finitely many open arcs which do not intersect themselves. Furthermore, let T be a smooth, closed curve containing T. Then the Sobolev spaces HS(T) are defined for s > 0 as being the restrictions of r7s+1/2(R2) to f and for s < 0 by duality: Hs{f) = (H~s(f))' and H°(r) = L2(T). These spaces (see [14] ) are used to define the corresponding spaces of distributions on T, namely, for any real s, Ha(r) = {ueHa(f): suppucf}
Introduction.
In this paper we give convergence proofs and asymptotic error estimates in Sobolev norms for collocation with piecewise linear spline trial functions applied to the integral equation of the first kind with single layer potential ("Symm's integral equation") on open curves. Our results are obtained by a refinement of the analysis in [8] where the collocation method for closed, polygonal curves is investigated. Besides [8] , convergence proofs and error estimates for boundary element collocation methods have been only available in the following cases: Fredholm integral equations of the second kind [4] , [5] , one-dimensional pseudodifferential equations and singular integral equations with piecewise smooth coefficients on smooth closed curves [2] , [3] , [12] , [17] , [18] , [19] , [20] . In this article we use again an idea of Arnold and Wendland [2] , namely considering Dirac delta functions (the "test functions" in the collocation method) as second derivatives of piecewise linear functions. Therefore, similar results as presented here should be possible for splines of higher odd order. Corresponding results for even-order splines are not yet available; compare however [10] . The method of Fourier series that yields the convergence proof in the case of a smooth, closed boundary [18] cannot be applied to open curves where the endpoints can be viewed as vertices with angle 27r.
For brevity we consider only the case where T is a smooth arc with endpoints z\ and z2. All the results remain valid in the case of T consisting of finitely many open arcs which do not intersect themselves. Furthermore, let T be a smooth, closed curve containing T. Then the Sobolev spaces HS(T) are defined for s > 0 as being and Hs{T) = {u\r:ueHs{ï)}.
The paper is organized as follows: In Section 1 we present from [8] some facts on the convergence of general projection methods (Lemma 1.2). They are stated in a form which is convenient for the application to collocation methods and allows easy incorporation of localization arguments. For the localization principle, see [12] , [15] . Utilizing those facts, we prove convergence, stability and error estimates for the collocation method with piecewise linear splines applied to Symm's integral equation (Theorem 1.1).
In Section 2 we investigate the asymptotic order of convergence in weighted Sobolev norms. We prove a new approximation result in those weighted norms (Lemma 2.1) and we show that (analogously to the case of a polygonal curve T) the use of suitably graded meshes improves convergence (Theorem 2.2).
In Section 3 we present numerical results for the implementation of our collocation scheme applied to two sample problems: (i) the lateral crack and (ii) the interior crack of a membrane. In both examples the computed experimental order of convergence confirms our theoretical error analysis of Section 2. where s(c) is the arc length on T. It is known [7] that V: H"(T) -> HS+1(T) is continuous and bijective for all s G (-1,0), provided the analytic capacity of T is not equal to one. We shall assume this in the sequel. For the collocation method we need a grid A = {ii,..., xjv} c T, the Xj being both the collocation points and the mesh points of the trial functions. By S1(A) we denote the AT-dimensional space of splines of order 1, i.e., each u G S1 (A) is a continuous function on T that is a linear function of the arc length on each segment XjXj+i, j -0,... ,N -1. Let h :-max{|xJ+i -Xj\:j = 0,...,N -1}. We do not impose a uniformity condition on A, but assume only that h -► 0 as N tends to infinity.
We require that the endpoints z\, z2 are grid points, namely Z\ = Xq, z2 = x¡y and define
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Here the weight function p > 0 satisfies p G C°°(R2\{zi,z2}) and p(z) = \z -Zj\ in a neighborhood of Zj, j = 1,2. For the proof of Theorem 1.1 we follow the ideas in [8] and therefore need some results on the convergence of projection methods including compact perturbations and spaces with two norms. Such results are well known [11] , [13] , [16] , but we present from [8] (ii) There is a Banach space Xq, continuously embedded in X (hence, ||x||x < C||x||x0 f°r an x E. Xq and some constant C). Remark. We shall need the lemma only for the case of Qn and Cn not depending on N. Thus Qn = Q '■ Xq -* Y' will be a linear operator satisfying QVN C TN for all TV G N,
and Cn = C: X -* X' will be a compact operator, or equivalently, the quadratic form v i-> (Cv,v) appearing in (1.9) will be completely continuous on X.
Proof of Theorem 1.1. We set X := Hlp/2 and X0 := Hlp/2 n H'1'2^) with the 1. First we observe that V is well defined on X, since any u G Hp belongs to H~l/2~£(T), e > 0, and V is defined on H~l/2~£(T) by continuous extension from ff-l/2(r).
V is also injective in X since V : H-^2+rr(T) -> Hll2+°(T), \o\ < 1/2, is bijective. The latter result was shown in [7] . 3. Now we check the hypotheses of the lemma: Assumption (ii) is trivial. Concerning assumption (iii), we note that every v G Sp(A) is continuous on T. Thus, Vn C Xo holds. It remains to show the estimates (1.8) and (1.9).
We remark that outside the neighborhoods of the endpoints of T, the spaces X and Xo coincide with Hll2{Y), where f is a smooth curve. For the latter case, the estimates (1.8), (1.9) From the error estimates in Theorem 1.1 one can derive convergence orders simply by using results on the order of best spline approximation in the respective norms. We need here a result on spline approximation in weighted Sobolev spaces similar to the result derived in [8] , [9] , where polygonal domains with angles u> ^ 2ir are considered. The limit case uj = 2tt representing an open piece of a curve, considered here, is not covered by the analysis in [8] , [9] .
We assume that u G r7-1/2(r) is the solution of the equation Vu = / with / sufficiently smooth, where T is an open piece of a curve. Then u has the following properties: (i) it G H-e{T), pu G H1'' (any e > 0), (ii) pu = 0(p1/2), Dpu = 0(p-1/2) near the endpoints of T. We approximate u by its interpolation ü in Sp(A). Thus, if we define w := pu, w := pü, then w is the piecewise linear interpolant of w with nodes in A. Note that w is continuous on T and vanishes at the endpoints of T. Now for the error estimate it suffices to consider a neighborhood of the endpoints, because outside such a neighborhood, u is smooth and therefore one has an approximation of order ft3/2 in the //"1/2-norm. We consider a one-sided neighborhood of one endpoint and assume that it is parametrized by the unit interval. We further assume that We then estimate the following integrals for 1 < j < N -1:
f> := r " K«; -ä)(x)|2 dx < Ch^U + l)2"-5, This gives, for 1 < q < 2, >=0 (2.12)
Therefore, with an arbitrary e > 0,
Ch2
Ch(0^-£ Now, from (2.10) and (2.12) the assertion of the lemma follows. D Combining Lemma 2.1 and Theorem 1.1 we obtain our final result on the theoretical convergence rate, Theorem 2.2 below. We assume that the grid A locally in a fixed one-sided neighborhood of each endpoint has the form (2.1) in a suitable coordinate representation. Below we present the numerical results of our collocation method (for the integral equation of the first kind with the single layer potential) for two examples: 1) lateral crack and 2) interior crack problems governed by the Laplacian. In both examples we construct the collocation solution using piecewise linear trial functions which are discontinuous at the corners. This method is implemented in [6] for plane domains with polygonal boundaries. The general program described in [6] applies directly to the situation in the examples below, i.e., even crack problems can be treated. As shown in Section 2, we need for our error analysis slightly different trial functions, namely the piecewise linear functions which are constant in the neighboring subintervals of the vertices. Nevertheless, numerical tests reveal for both kind of trial functions the same experimental order of convergence of the collocation solution. The theoretical orders follow immediately from (2.13). (For the direction of the normal vector n, see Figure 1 . On f, n is the outwardly directed normal, whereas on To, n points in the positive y-direction.) For u = Imv/i we compute approximations to the solution of (3.1) via the collocation scheme (1.3). .2917
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. and w isa constant to be determined. In the above example, v(z) = \Jz2 -1 -z behaves like 0(1/|2|) at infinity, yielding b = u -0. In Table 1 .3 we list the weighted L2-errors of the collocation solution for the above integral equation, where we set b = 0 in the compatibility condition. For all cases we compute w = 10~12. We also include in Table 1 .3 the results when using an exponentially graded mesh
